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The understanding of transport processes inside the stars is one of the main goals of asteroseismology. Chemical turbulent
mixing can affect the internal distribution of µ near the energy generating core, having an effect on the evolutionary
tracks similar to that of overshooting. This mixing leads to a smoother chemical composition profile near the edge of the
convective core, which is reflected in the behavior of the buoyancy frequency and, therefore, in the frequencies of gravity
modes. We describe the effects of convective overshooting and turbulent mixing on the frequencies of gravity modes in
B-type main sequence stars. In particular, the cases of p-g mixed modes in β Cep stars and high-order modes in SPBs are
considered.
1 Introduction
The standard stellar evolution modeling includes only the
mixing-length theory (Bo¨hm-Vitense 1958) to describe the
convective mixing, and, for low mass stars, also the effect
of microscopic diffusion. Contrarily to predictions of this
modeling, some chemical transport must also occur in the
stellar radiative regions if we want to account for some ob-
servational facts. In particular, the comparison between the-
oretical models and observational data from binaries and
stellar clusters (see e.g. Andersen et al. 1990; Ribas et al.
2000) has shown that the standard model underestimates
the mixing in the central regions of the stars. It is largely
accepted that some extra-mixing takes place just at the bor-
der of the convective core that develops for stellar models
with masses larger than∼ 1.2 M⊙, but there is not consen-
sus about the physical processes responsible for this mixing:
convective overshooting (e.g. Schaller et al. 1992), micro-
scopic diffusion (Michaud et al. 2004), rotationally induced
mixing (see e.g. Meynet & Maeder 2000; Maeder 2003, and
references therein), mixing by non-adiabatic propagation of
gravity waves excited at the boundary of the convective core
(Young & Arnett 2005), etc.
Generally, stellar modeling includes an overshooting pa-
rameter (αOV) to account for the extra-mixing above the
limit of the convective core, whose value has been estimated
by fitting of stellar clusters or binary systems. Recently, as-
teroseismic determinations of the overshooting parameter
have also been done by using the advantageous properties of
low order p and g modes detected in some β Cep targets (see
e.g. Pamyatnykh et al. 2004; Aerts et al. 2003; Briquet et al.
2007a). In fact, the frequency of modes close to an avoided
crossing (Aizenman et al. 1977) are very sensitive to the ex-
tension of the mixed region (e.g. Dziembowski & Pamyatnykh
⋆ e-mail: j.montalban@ulg.ac.be
1991; Audard & Provost 1994). The shape of the composi-
tion transition zone is also a matter of great importance as
far as asteroseismology is concerned. In particular it signif-
icantly affects the term ∇µ appearing in the Brunt-Va¨isa¨la
frequency and plays a critical role in the phenomenon of
mode trapping. What we show in this contribution is that
(as already suggested by Goupil & Talon 2002, for δ Scuti
stars) the oscillation spectrum of B-type stars is also very
sensitive to the slope of the chemical gradient in the cen-
tral region of the star, and therefore, to the kind of transport
processes that produced it.
The models with overshooting and turbulent mixing we
computed to analyze how different extra-mixing processes
affect the oscillation frequencies are described in section 2,
and the effects of these transport processes on the stellar
structure and on the spectrum are reported in section 3. In
a first approach we consider a parametric turbulent mixing
without caring about its physical origin. If this chemical
transport were generated by rotation according to the for-
malism implemented in Geneva code (see. e.g. Eggenberger et al.
2007), for instance, the effects due to the angular momen-
tum transport should also be taken into account in the os-
cillation spectrum. In section 3.3 we present an estimation
of these effects for a typical β Cep star and in section 4 we
give our conclusions.
2 Stellar models
To study the effects of different extra-mixing processes in
SPB and β Cep pulsators we focus on models of 6 and
10 M⊙ respectively. As a first approach, the turbulent mix-
ing has been modeled by a diffusion process with a paramet-
ric turbulent diffusion coefficient DT that is constant inside
the star and independent of age. This is a very rough approx-
imation without any a priori physical justification. We com-
puted also some models using the Geneva code that include
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Fig. 1 HR diagram showing main sequence evolution-
ary tracks of 10 M⊙models computed with CLES evolution
code with an overshooting parameter αOV = 0.1 (dashed
line), and with a constant turbulent diffusion coefficient
DT = 7 × 10
4 cm s−2 (solid line). The dotted line cor-
responds to the evolutionary track of a 10 M⊙ model com-
puted with the Geneva evolution code assuming an initial
rotational velocity Vrot = 50 km s−1. The symbols in the
middle of MS track indicate the location of models with
XC = 0.3.
the treatment of rotation and linked transport processes such
as described in Maeder & Zahn (1998) and Maeder (2003).
The comparison between both series of models shows that
chemical composition profiles in the central regions pro-
vided by a uniform and time independent diffusion coef-
ficient represent a first approximation, at least for massive
stars, of the effect would be produced by such a rotationally
induced chemical transport.
The models with overshooting were computed with CLES
(Code Lie´goise d’Evolution Stellaire Scuflaire et al. 2007).
In this code the thickness of the overshooting layer ΛOV
is parameterized in terms of the local pressure scale height
Hp: ΛOV = αOV × (min(rcc, Hp(rcc)), where rcc is the
radius of the convective core given by the Schwarzschild
criterion and αOV is a free parameter. The values of αOV
used in this study were 0, 0.1 and 0.2.
The values of the parameter DT were chosen in order
to be close to the value of the chemical diffusion coefficient
near the core provided by the Geneva models. SPBs and
β Cep pulsators are considered as slow or moderate rota-
tors. SPBs show a typical rotational velocity of 25 km s−1
(Briquet et al. 2007b), whereas the range of projected rota-
tional velocity in β Cep stars extends from 0 to 300 km s−1
with an average of 100 km s−1 (Stankov & Handler 2005).
The Geneva code calculations for 10 M⊙ models provide
values of the chemical diffusion coefficient near the con-
vective core with XC = 0.3, of the order of 5×104 cm2s−1
for an initial rotational velocity (Vi) of 20 km s−1, 7 ×
104 cm2s−1 for Vi=50 km s−1, and 1.6 × 105 cm2s−1 for
Vi=100 km s−1. On the other hand, the effect of an initial
rotational velocity of 25km s−1 on the central hydrogen dis-
tribution of a 6 M⊙ model is well mimicked by a DT ∼
5000 cm2s−1. The results presented in this paper concern
mainly the parametric models with DT = 5 × 103 cm2s−1
for SPB model and DT = 7 × 104 cm2s−1 for β Cep
one, and they will be compared with overshooting models
closely located in the HR diagram, that means αOV=0 for
the SPB case and 0.1 for the β Cep one.
3 Overshooting versus turbulent diffusion
3.1 Effects on the structure
Whatever the origin of the chemical extra-mixing at the bor-
der of the convective core, the effect on the evolutionary
track is an increase of luminosity and of the duration of the
main-sequence phase. The evolutionary tracks of 10 M⊙
models with different treatments of chemical mixing are
shown in Fig. 2. Though the HRD location of turbulent mix-
ing models is quite close to that of models computed with
overshooting, the chemical composition gradient near the
core is significantly different (see Fig. 2 upper panel) and
therefore also the properties of the Brunt-Va¨isa¨la frequency
(Fig. 2 lower panel). Note that the hydrogen abundance pro-
file near the core that results from Geneva code (including
a consistent treatment of rotationally induced transport pro-
cesses) shows a behavior similar to that obtained by using
the parameterized turbulent mixing in CLES. The values
of the chemical diffusion coefficient induced by rotation in
Geneva models for three different evolutionary stages are
shown in Fig. 3.1 for 10 M⊙ models with an initial rota-
tional velocity Vi = 50 km s−1. We note the slight tempo-
ral variation of this diffusion coefficient near the convective
core boundary (m/M ∼ 0.15 − 0.25) and the fact that the
value of DT we chose (horizontal line) rather corresponds
to an average of Geneva model values.
3.2 Effect on oscillation spectrum
SPB and β Cep stars show oscillation modes excited by the
classical κ-mechanism in the iron group opacity bump at
T ∼200000 K (Dziembowski et al. 1993; Dziembowski & Pamyatnykh
1993). While SPB stars pulsate with high-order g-modes
with periods going from 1 to 3 days (frequency ν: 4 – 12µHz),
low-order g and p modes as well as g-p mixed modes with
frequencies between 30 and 100 µHz are found excited in
β Cep stars. Miglio et al. (2007, these proceedings) show
that, even for slow rotation, the changes of molecular gradi-
ent induced by the turbulent mixing acting near the core lead
to significant variations in the properties of high-order g-
modes spectrum. Although the approximation used in Miglio
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et al (2007) to relate the sharpness of NBV with the prop-
erties of the g-mode spectra is no longer valid for low-order
modes, the analytical description of gravity modes presented
there is still able to qualitatively describe the properties of
low-order g-mode spectra (see their Fig. 4).
As the star evolves, the combined action of nuclear re-
actions and convective mixing leads to a chemical composi-
tion gradient at the boundary of the convective core, an in-
crease of the Brunt-Va¨isa¨la frequency and therefore of the
frequencies of gravity modes. The latter interact with pres-
sure modes of similar frequency and affect the properties
of non-radial oscillations by the so-called avoided crossing
phenomenon. The modes undergoing an avoided crossing
(mixed modes) are therefore sensitive probes of the core
structure of the star.
Here we study the effects of extra-mixing on the β Cep
spectra by comparing the properties of low-order g and p
modes in models computed with overshooting and with chem-
ical turbulent diffusion. Since the parameters αOV and DT
were chosen to lead to similar evolutionary tracks, such com-
parison allows us to remove the differences in the frequen-
cies due to a different stellar radius. In Fig. 4 we plot the
oscillation frequencies for 10 M⊙ models along the main-
sequence phase. As expected, the differences between fre-
quencies of overshooting models and turbulent mixing ones
is very small for pressure modes, while significant differ-
ences appear for mixed modes. These differences increase
with the radial order and with the angular degree of the
modes. In the figure we have also marked with thicker sym-
bols the frequencies of modes that the non-adiabatic oscilla-
tion code MAD (Dupret et al. 2003) predicts to be excited.
Here we show only the case with DT = 7×104 cm2s−1 but
computations with lower or higher efficiency of the turbu-
lent mixing show that the differences between overshooting
and turbulent-mixing models increase with the value ofDT.
What is most relevant from an asteroseismic point of
view, is the change in the distance between consecutive fre-
quencies of g-modes or modes of mixed p-g character (∆ν).
In Fig. 5 we plot these differences for the ℓ = 2modes of the
10 M⊙ models with an effective temperature Teff≃22550 K
(XC ≃ 0.3). The dots indicate differences computed be-
tween pairs of excited modes. Therefore the difference of
∆ν that we can expect between models with sharp∇µ (over-
shooting models for instance) and models with a chemi-
cal composition gradient smoothed by the effect of, for in-
stance, a slow rotation (Vrot ∼ 50 km/s) is of the order of
0.4 c/d (∼ 5µHz), much larger than the precision of present
and forthcoming observations.
3.3 Effects of rotation
Up to now we have considered the effect of changing ∇µ
by chemical mixing on the oscillation frequencies, regard-
less of the physical processes at the origin of that chem-
ical transport. In the last ten years, the stellar models in-
cluding the rotationally induced mixing based on the the-
ory by Zahn (1992) have been very successful, particularly
for massive stars, in explaining different observational facts
indicating chemical mixing in the stellar radiative regions
(e.g. Meynet & Maeder 2005, and references therein). It is
beyond the scope of this paper to study of the effects of rota-
tion on the oscillation frequency spectrum. Detailed studies
of the first, second and third order corrections of frequen-
cies, as well as the mode coupling due to rotation have been
addressed in e.g. Sua´rez et al. (2006), Daszyn´ska-Daszkiewicz et al.
(2002), Soufi et al. (1998) and Dziembowski & Goode (1992).
We intend here to show that if the mechanism responsible
for chemical mixing is similar to that described in (Maeder
2003, and references therein) additional effects will appears
in the oscillation spectrum. In fact, Geneva models also ac-
count for the transport of angular momentum and predict
the rotational profile in the interior of the star as a func-
tion of time. On the bases of the high anisotropic turbulence
(Zahn 1992) the profile of rotational velocity generated can
be assumed to be shellular (Ω = Ω(r)). In that case, the
adiabatic oscillation frequencies corrected by the first order
effects are given by:
σkℓm = σkℓ0 +m
∫
KkℓΩ(r)dr, (1)
where Kkℓ are the rotation kernels based on the eigenfunc-
tions of non-rotating model (Lynden-Bell & Ostriker 1967)
with eigenfrequencies σk,ℓ.
The rotational profile for three different evolutionary stages
of the Geneva 10 M⊙ models with an initial rotational ve-
locity Vi=50 km s−1 are shown in Fig. 6. The gradient of
angular velocity between the convective core and the exter-
nal layers increases with time. The ratio between angular
velocity in the convective core and at the surface goes from
1.3 at XC = 0.5, 1.6 at XC = 0.3, and 2.5 at XC = 0.1.
We have estimated the first order rotational splitting for
a uniform and a differential rotation. In the former we as-
sume an angular velocity equal to the surface value at that
evolutionary stage, and in the latter we use the rotational
profile in Fig. 6. The effect of rotation does not significantly
depend on the degree ℓ (for ℓ < 3) (see Sua´rez et al. 2006).
In Fig. 7 we plot the rotational splitting for ℓ = 2 and
|m| = 1 modes with solid and differential rotation. Since
the treatment of rotation evolution predicts a core rotating
more rapidly than the surface layers, the g-modes and g-
p mixed modes in the differential rotational case show a
larger splitting than p-modes or modes (such as the one with
k=-1) whose eigenfunction has the properties of an acoustic
one with high amplitude in the external region. On the other
hand, the mode with k=2 is mainly concentrated in the cen-
tral stellar regions. The rotational splitting for these modes
ranges from 0.5 to 2 µHz.
There are of course also second order effects that affect
the oscillation frequencies of rotating stars. However, for
the low-order modes expected in β Cep stars, the term Ω/σ
in 50 km/s models is of the order of 2× 10−2.
For the SPB high-order modes, the Geneva 6 M⊙ model
withXC = 0.3 and an initial rotation velocityVi = 25 km s−1
provides a stellar structure with a core that rotates 1.8 times
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Fig. 4 Frequencies of pulsation modes with angular degree ℓ = 0− 3 as a function of logTeff for main-sequence models
of a 10 M⊙ star. Gray dots correspond to the frequencies of models computed with an overshooting parameter αOV = 0.1,
whereas black circles are the frequencies of models computed with a turbulent diffusion coefficientDT = 7× 104 cm s−2.
Excited modes are represented by thicker symbols. The vertical lines indicate the effective temperature of models with an
hydrogen mass fraction at the center of the order of 0.5, 0.3 and 0.1 (left to right).
faster than the surface. However, given that in this model
the rotationally induced chemical mixing is able to remove
the sharpness in the Brunt-Va¨isa¨la frequency profile, no
high-order g mode is particularly trapped in a confined re-
gion near the core (see Miglio et al.2007, this proceedings)
and therefore all the modes expected to be excited in SPB
pulsators show similar rotational splitting. The splitting dif-
ference between uniform and differential rotation is of the
order of 30% and corresponds to the different angular ve-
locity between the surface and the region where the SPB
modes have their maximum amplitude (r/R ∼ 0.3). So, the
rotational splitting for a typical SPB is ∆νrot >∼ 1 µHz in
the oscillation frequency domain going from 4 to 12 µHz.
Thus, even in the case of differential rotation we do not ex-
pect, in the first order correction, a significantly different
rotational splittings for different modes. However, in SPB’s
frequency domain the ratioΩ/σ > 0.1 and therefore second
and third order effects of rotation may be important leading
to asymmetric splitting of frequency modes.
4 Conclusions
By using a parametric modeling of turbulent mixing in the
central region of B-type stars we have shown that the effect
of varying the chemical gradient on the oscillation frequen-
cies are very significant (5 µHz for instance, for moderate
mixingDT = 7×104 cm2 s−1). This effect on the frequen-
cies is in fact larger or of the same order than the rotational
splitting for modes with a moderate rotational velocity typ-
ical of β Cep (50 km s−1). We recall that the precision ex-
pected from forthcoming observations with COROT satel-
lite (Baglin & The COROT Team 1998) is of the order of
0.1 µH. Therefore, in asteroseismic modeling, in addition
to the rotational splitting, the shifts of frequencies produced
by a possible turbulent mixing should be taken into consid-
eration.
For high-order g-modes in SPB stars, the frequency dif-
ferences between consecutive modes due to the trapping
in the sharp ∇µ regions is of the order of 0.08–0.7 µHz
(Miglio et al. 2008). This difference almost dissapears when
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a slight turbulent mixing (DT = 5000 cm2 s−1), that could
result from the rotationally induced mixing in a star that has
evolved from an initial rotation velocity of 25 km s−1, acts
in the central stellar region. Rotation has however other sig-
nificant effects on SPB oscillation frequencies: a symmetric
splitting ∆νrot > 1µHz due to first order corrections, and
second and higher order corrections that can be significant
for the low frequencies in SPBs.
The results presented in previous sections for β Cep and
SPB stars are qualitatively valid also for δ Scuti and γ Dor
pulsators respectively. The situation is however even more
complicate for those cases since these less massive stars ro-
tate typically faster than β Cep and SPB.
Acknowledgements. J.M. and A.M. acknowledge financial support
from the European Helio- and Asteroseismology Network HELAS,
from the Prodex-ESA Contract Prodex 8 COROT (C90199) and
from FNRS. P.E. is thankful to the Swiss National Science Foun-
dation for support.
References
Aerts, C., Thoul, A., Daszyn´ska, J., et al. 2003, Science, 300, 1926
Aizenman, M., Smeyers, P., & Weigert, A. 1977, A&A, 58, 41
Andersen, J., Clausen, J. V., & Nordstrom, B. 1990, ApJ, 363, L33
Audard, N. & Provost, J. 1994, Astronomy and Astropysics, 282,
73
Bo¨hm-Vitense, E. 1958, Zeitschrift fur Astrophysics, 46, 108
Baglin, A. & The COROT Team. 1998, in IAU Symp. 185: New
Eyes to See Inside the Sun and Stars, 301
Briquet, M., Hubrig, S., De Cat, P., et al. 2007a, A&A, 466, 269
Briquet, M., Morel, T., Thoul, A., et al. 2007b, MNRAS, 381, 1482
Daszyn´ska-Daszkiewicz, J., Dziembowski, W. A., Pamyatnykh,
A. A., & Goupil, M.-J. 2002, A&A, 392, 151
Dupret, M.-A., De Ridder, J., De Cat, P., et al. 2003, A&A, 398,
677
Dziembowski, W. A. & Goode, P. R. 1992, ApJ, 394, 670
Dziembowski, W. A., Moskalik, P., & Pamyatnykh, A. A. 1993,
MNRAS, 265, 588
Dziembowski, W. A. & Pamyatnykh, A. A. 1991, A&A, 248, L11
Dziembowski, W. A. & Pamyatnykh, A. A. 1993, MNRAS, 262,
204
Eggenberger, P., Meynet, G., Maeder, A., et al. 2007, Ap&SS, 263
Goupil, M. J. & Talon, S. 2002, in Astronomical Society of the Pa-
cific Conference Series, Vol. 259, IAU Colloq. 185: Radial and
Nonradial Pulsationsn as Probes of Stellar Physics, ed. C. Aerts,
T. R. Bedding, & J. Christensen-Dalsgaard, 306–+
Lynden-Bell, D. & Ostriker, J. P. 1967, MNRAS, 136, 293
Maeder, A. 2003, A&A, 399, 263
Meynet, G. & Maeder, A. 2000, A&A, 361, 101
Meynet, G. & Maeder, A. 2005, in Astronomical Society of the
Pacific Conference Series, Vol. 337, The Nature and Evolution
of Disks Around Hot Stars, ed. R. Ignace & K. G. Gayley, 15
Michaud, G., Richard, O., Richer, J., & VandenBerg, D. A. 2004,
ApJ, 606, 452
Miglio, A., Montalba´n, J., Noels, A., & Eggenberger, P. 2008, MN-
RAS, accepted
Pamyatnykh, A. A., Handler, G., & Dziembowski, W. A. 2004,
MNRAS, 350, 1022
Ribas, I., Jordi, C., & Gime´nez, ´A. 2000, MNRAS, 318, L55
Schaller, G., Schaerer, D., Meynet, G., & Maeder, A. 1992,
A&AS, 96, 269
Scuflaire, R., The´ado, S., Montalba´n, J., et al. 2007, Ap&SS, In
press
Soufi, F., Goupil, M. J., & Dziembowski, W. A. 1998, A&A, 334,
911
Stankov, A. & Handler, G. 2005, ApJS, 158, 193
Sua´rez, J. C., Goupil, M. J., & Morel, P. 2006, A&A, 449, 673
Young, P. A. & Arnett, D. 2005, ApJ, 618, 908
Zahn, J.-P. 1992, A&A, 265, 115
6 Montalba´n et al.: The effect of turbulent mixing on the g-modes
Fig. 2 Upper panel: Hydrogen abundance profile in the
central regions of 10 M⊙ models with XC ≃ 0.3. The
different lines correspond to models computed with CLES,
with overshooting (dashed line), and turbulent diffusion co-
efficient DT (solid line), and with the Geneva code with an
initial rotational velocity of 50 km s−1 (dotted line). Lower
panel: Brunt-Va¨isa¨la frequency profile in the central re-
gions of the 10 M⊙ CLES models in upper panel.
Fig. 3 Total chemical diffusion coefficient for a Geneva
10 M⊙ model at three different evolutionary stages, and
with an initial rotational velocity Vi = 50 km s−1. The hor-
izontal dashed line gives our chosen value for the computa-
tions with CLES.
Fig. 5 Frequency difference (in c/d) between modes with
consecutive radial order (k) and degree ℓ = 2 for the 10 M⊙
CLES models in Fig. 2. Dots represent the differences be-
tween theoretically predicted excited modes.
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Fig. 6 Angular velocity profile as a function of the nor-
malized radius for a Geneva 10 M⊙ model at three different
evolutionary stages, and with an initial rotational velocity
Vi = 50 km s−1.
Fig. 7 First order rotational splitting for ℓ = 2 modes of
radial order k, for a 10 M⊙ model at XC = 0.3 and with
a uniform internal rotation rate (dashed line) and with the
corresponding internal rotation profile give in Fig. 6 (solid
line).
